In this paper, we give a method of calculating the automorphism group of the vertex operator algebra V + L for an even lattice L. In particular, we give generators of the automorphism group of V + L and determine its order for an even lattice L without roots. For example, we determine shapes of the full automorphism groups of V
Introduction
The notion of a vertex operator algebra (VOA) is introduced in [Bo, FLM2] . One of the most interesting examples of a VOA is the moonshine module V ♮ constructed in [FLM1] . The automorphism group of V ♮ is the Monster, the largest sporadic finite simple group. It is a basic problem to determine the automorphism group of a VOA.
The automorphism group of a VOA is well studied if its degree 1 space is non-zero by using the exponential of a degree 1 element and the action on the degree 1 space. For example, the automorphism groups of lattice VOAs are determined in [DN1] . However, the exponential of a degree 1 element forms an infinite subgroup. At the point of view of finite group theory, it is important to study a VOA of which the degree 1 space is zero.
The VOA V + L is the fixed points of the VOA associated to a positive definite even lattice L (see [FLM2] ) under the automorphism lifted from the −1 isometry of L. It is an example of which degree 1 space is zero if L has no roots. For a simple root lattice R, a lattice √ 2R is a typical example without roots, and some automorphism groups are determined in [DG, Gr2, KM, MM] . The irreducible modules of V + L are classified in [DN2, AD] and its fusion rules are determined in [Ab, ADL] . By using the fusion rules of V + L for an even lattice L of rank 1, actions of some elements of the Monster on the moonshine module become clear [Sh] .
The purpose of this paper is to give a method of calculating the automorphism group of V + L . The main idea of our method is as follows. It is well known that automorphisms of a VOA acts on the set of its irreducible modules and the action preserves characters and the fusion rules of those. Thus the quotient of the automorphism group of V + L by the subgroup fixing each element of the orbit of V − L is a subgroup of the permutation group on the orbit. We show that any automorphism of V + L stabilizing V − L is the restriction of an automorphism of V L . Since the automorphism group of V L had been already determined, we can compute its subgroup. By using the classification of the irreducible modules of V + L and its fusion rules, we study the possibility of the orbit of V − L . For a lattice without roots, we completely determine the orbit of V − L by using extra automorphisms given in [FLM2] . Moreover, we show the orbit becomes a vector space over F 2 under the fusion rules if L is isomorphic neither √ 2E 8 nor the Barnes-Wall lattice of rank 16. This implies that a quotient of the full automorphism group of such a VOA V + L a is a subgroup of GL n (F 2 ) for some n.
The organization of this paper is as follows. In Section 1, we recall the action of an automorphism of a VOA on the set of irreducible modules, a VOA associated to an even lattice and an automorphism called a τ -involution. In Section 2, we study the automorphism group of a subVOA fixed by a finite abelian automorphism group of a simple VOA. We apply the results to a VOA V L = V In particular, we show if the orbit contains an irreducible module of twisted type then L is a 2-elementary totally even lattice, namely, √ 2L is even and 2L
• ⊂ L, where L • is the dual lattice of L. Moreover, if the automorphism group is finite then L is isomorphic to √ 2E 8 or the Barnes-Wall lattice Λ 16 of rank 16. For such lattices, we relate the automorphism group with an orthogonal group of some kind. On the other hand, we determine the orbit of V − L for an even lattice L without roots and show that lifts of Aut(L) and extra automorphisms generate the automorphism group. In Section 3, we determine the full automorphism groups of V + L for an even lattice without roots, √ 2R and Λ 16 , where R is a simple root lattice.
Throughout the paper, we will work over the field C of complex numbers unless otherwise stated. We denote the set of integers by Z and the rings of integers modulo p by Z p . We often identify Z 2 and the field F 2 of two elements. We use the notation of an extension of groups and classical groups from [ATLAS] . We denote the elementary abelian 2-group of order 2 n by 2 n and the simple root lattice of type R by R.
Preliminaries
In this section, we recall or give some definitions and facts necessary in this paper. For details of the axiom of vertex operator algebras, see [Bo, FLM2] .
Vertex operator algebras, modules and automorphisms
In this subsection, we review the action of an automorphism of a VOA on irreducible modules from [DM1] . Let V = (V, Y ) be a vertex operator algebra and M = (M, Y M ) be a V -module. An automorphism of a VOA V is a linear isomorphism g : V → V satisfying Y (gv, z)g = gY (v, z) for all v ∈ V that fixes the Virasoro element ω. Let Aut(V ) denote the group of the all automorphisms of V . For g ∈ Aut(V ), we set a vertex operator
and only if there exists a linear isomorphism φ(g) :
It is easy to see that if M is irreducible then M g is also irreducible. Thus automorphisms of V act on the set S of irreducible V -modules. Moreover, the action preserves the fusion rules of V , and an automorphism of V is extended to one of the fusion algebra
Let W be an graded vector space W = ⊕ i∈C W i such that dim W i < ∞. We define the character of W by setting ch(W ) = i∈C dim W i q i . Note that a VOA and its modules have the canonical grading and those are graded vector spaces. Remark 1.1. Let g be an automorphism of V and W be a V -module. Then the characters of W and W g are the same.
Vertex operator algebra V + L
In this subsection, we review the VOA V + L associated to an even lattice L and its modules, and recall some automorphisms of V + L from [FLM2] . Let L be an even lattice of rank n equipped with a positive-definite symmetric Z-
with the commutator map c(·, ·) that satisfies c(β, γ) = κ β,γ for β, γ ∈ L, where κ = ω q/2 q . Note that [a, b] = c(ā,b) for a, b ∈L • . We often regarded ω q as a primitive q-th root of the unity. We choose a Z-bilinear 2-cocycle ε(·, ·) and denote the corresponding section
Note that e α e β = ε(α, β) for α, β ∈ L • , where e α ∈L • is the image of α ∈ L with respect to the corresponding sectionL 
For convenience, we denote h ⊗ t m by h(m) for h ∈ h M and m ∈ Z. It is well known that V L has a VOA structure and
Remark 1.2. Let Irr(G) denote the set of irreducible characters of a group G. Any irreducibleL/K L -module on which κK acts by −1 is characterized by a central character χ ∈ Irr(Cent(L/K L )) satisfying χ(κK) = −1. We denote the irreducibleL/K L -module corresponding to a central character χ by T χ .
In this paper, we use the following notation of the equivalence class of an irreducible V + L -module from [ADL]:
We call an element of 
For h ∈ Aut(L) and g ∈ Aut(L), we call g a lift of h ifḡ = h. Since elements ofL of finite order are {1, κ}, we can regard an automorphism ofL as one of C{L}. We often view g ∈ Aut(L) as the automorphism of V L by
where n i ∈ Z <0 , h i ∈ h L and a ∈ C{L}. Note that the automorphism θ of V L is a lift of −1 ∈ Cent(Aut(L)), and it is an element of the center of Aut(L).
where we regardedḡ as an automorphism of L • /L. Moreover, ifḡ = 1 then we have
where we regarded g as an element of Hom(L, Z 2 ).
Proof. By Proposition 5.4.1 in [FLM2] , we have the following exact sequence:
Since Aut(L • ) = Aut(L) and there is the canonical homomorphism from Hom(L,
We regard g as an element of Hom(L, Z 2 ) by h, · mod 2, and we have the result.
One of extra automorphisms of Aut(V + L ), not a lift of Aut(L), is given in Chapter 11 of [FLM2] . 
Griess algebra and idempotents
In this subsection, we recall the definition of the Griess algebra and its idempotents. We also review an automorphism of a VOA associated to an idempotent.
Let
Then the multiplication gives a commutative non-associative algebra structure on B(V ) and (·, ·) is a symmetric invariant bilinear form on it. The space B(V ) equipped with these structure is called the Griess algebra of V . By a slight abuse of terminology, we call a vector x ∈ B(V ) satisfying x (1) x = 2x an idempotent and its central charge is 2(x, x). Note that a vector of B(V ) generates a representation of the Virasoro algebra on V if and only if it is an idempotent of B(V ). Let e be an idempotent of B(V ) with a central charge 1/2. Then e generates the rational Virasoro VOA isomorphic to L(1/2, 0). It is well known that an irreducible module of
as a e -module, where U(M, e, h) is the sum of the submodules isomorphic to L(1/2, h). Now, we consider the following linear automorphism on M defined by setting 1 on U(M, e, 0) ⊕ U(M, e, 1/2), −1 on U(M, e, 1/16).
(1.4)
We call it the τ -involution with respect to e and denote it by τ e . When M = V , a τ -involution is an automorphism of V , see [Mi1] . We recall some properties of a τ -involution.
Proposition 1.6. Let e be an idempotent of B(V ) with central charge 1/2. For any
Proposition 1.7. Let g be an automorphism of V and e be an idempotent with central charge 1/2. Then gτ e g −1 = τ g(e) . In particular, the subgroup generated by τ -involutions is normal.
Proof. For an eigenvalue h, gU(V, e, h) is the h-eigenspace of V with respect to g(e). Let L be an even lattice without roots. Then V = V + L is a VOA satisfying dim V 0 = 1 and V 1 = 0, and we may consider the Griess algebra of V . Now, we recall two standard constructions of an idempotent of V + L with central charge 1/2. 
First, we give idempotents associated to a norm 4 element α ∈ L. We choose a section L →L, β → e β . Note that the set {±e β } is independent on a choice of a section. We give standard basis vectors of B(V ):
, we obtain the following proposition.
Proposition 1.8. e ± α is an idempotent with central charge 1/2. Now, we will consider the action of τ e ± α on V . For β ∈ L, let f β be the automorphism of V L defined as follows:
Note that f β is an automorphism of V + L since f β and θ commute. Then we have the following proposition.
Proof. We calculate the eigenspace decomposition of the Griess algebra with respect to the adjoint action of e + α , and we obtain Table 1 . This implies that τ e
= f e α on B(V ). Since B(V ) generates V , the automorphism group of V acts faithfully on B(V ). Therefore we have τ e
. We assume L contains U ∼ = √ 2E 8 as a sublattice. Moreover, we assume there exists a section L →L such that the corresponding 2-cocycle is trivial on U. Note that if L has a basis which contains a basis of U, it is easy to see that there exists such a section since U, U ⊂ 2Z. For example, the Barnes-Wall lattice of rank 16 satisfies the condition. For ψ ∈ Hom(U, ±1), define e(U, ψ) = Remark 1.11. e(U, ψ) depends on a choice of a section. However, we regard it as e(U, 1) by choosing a suitable section.
For α ∈ L, we set α = α 1 + α 2 , where α 1 ∈ R ⊗ U and α 2 ∈ R ⊗ U ⊥ . Since L is even, we have α, v = α 1 , v ∈ Z for v ∈ U. Thus α 1 ∈ U • = U/2, and 2α 1 ∈ U. Hence the map defined by setting ε U (α) = α − 2α 1 is an automorphism of L of order 2. Proposition 1.12. Let L be an even lattice without roots, and U be a sublattice of L isomorphic to √ 2E 8 . If L 4 generates L as a lattice then e(U, ψ) is a lift of ε U for ψ ∈ Hom(U, ±1).
Proof. By Remark 1.11,we assume ψ = 1. Set e = e(U, 1). Since L 4 generates L, it is sufficient to show τ e (e α ) ∈ Ce
• is a positivedefinite integral lattice, we have α 1 , α 1 ∈ {0, 1, . . . , 4}. If α 1 , α 1 = 3 then there exists an element β ∈ U such that the norm of α + β is 1, and thus it is contradiction. If the norm of α 1 is 4 then τ e (e α ) ∈ Ce ε U (α) (cf. [Gr2] ). If the norm of α 1 is 0 then we have τ e (e α 2 ) = e α 2 since U, α 2 = 0. We choose a section satisfying e α e β = e α+β for α ∈ U and β ∈ L, and we could directly check the case when the norm of α 1 is 1 or 2 by the following lemma.
Lemma 1.13. (1) If the norm of α 1 is 1 then e α + e ε U (α) is an eigenvector with eigenvalue 1/16 and e α − e ε U (α) is an eigenvector with eigenvalue 0 with respect to the adjoint action of e.
(2) If the norm of α 1 is 2 then e α − e ε U (α) is an eigenvector with eigenvalue 1/16 and e(e α + e ε U (α) ) is an eigenvector with eigenvalue 1/2 with respect to the adjoint action of e. Thus e α + e ε U (α) is a sum of eigenvectors with eigenvalue 0 or 1/2.
Proof. By direct calculation, we have
First, we consider the case when the norm of α 1 is 1. Let β be an element of U 4 such that α 1 , β = −2. Then β/ √ 2 and √ 2α 1 are roots of U/ √ 2 ∼ = E 8 and the value of inner product of those is −2, which implies that −β/ √ 2 = √ 2α 1 , and β = −2α 1 . Hence, we have the result from (1.5).
Next, we consider the case when the norm of α 1 is 2. Set Ψ = {β+α 1 | β ∈ U 4 , β, α 1 = −2} = (β + U) 2 . Note that cosets of E 8 /2E 8 are well known (cf. [CS] ). By the canonical map U
• /U → E 8 /2E 8 , it is easy to see that Ψ is a set of 16 vectors and any two vectors of Ψ are orthogonal or opposite. Hence e α − e ε U (α) is an eigenvector with the eigenvalue 1/16 by (1.5) and e(e α + e ε U (α) ) is an eigenvector with the eigenvalue 1/2 by similar calculation.
Automorphism group of V + L
In this section, we study the automorphism group of V + L for an even lattice L. We often use the notation of irreducible V + L -modules given in (1.2).
Automorphisms and VOAs graded by an abelian group
In this subsection, we consider a VOA graded by a finite abelian group and its subVOA fixed by the group. Moreover, we study the automorphism group of the subVOA.
A VOA V is said to be graded by a finite abelian group
Proof. Letg be an automorphism of V such thatgD
Next, we assume
. In particular, we can choose φ 0 = g. By the assumption, ψ = ⊕ d∈D ψ d is a linear automorphism of V . Set a vertex operatorỸ = ψY ψ −1 ψ −1 on V . Then (V,Ỹ ) has another VOA structure, and ψ is an isomorphism of VOAs from (V, Y ) to (V,Ỹ ). Note thatỸ (v, z) = Y (v, z) for v ∈ V (0). By Proposition 5.3 in [DM2] and the proof of Theorem 4.5 in [Mi2] , there exists a set of scalars
, the automorphismg given in the above theorem is uniquely determined up to multiplication D * .
Let V = ⊕ d∈D V (d) be a VOA satisfying the assumption of Theorem 2.1. We study the automorphism group of V (0). A V -module M is said to be graded by a finite abelian
2. Now, we consider the canonical action of Aut(V (0)) on W . Since the action preserves the fusion rules and characters, it is well-defined. Let F ⊂ Aut(V (0)) be the kernel of this canonical action on W . It is easy to see that F ⊂H/D * . Note that if Aut(V ) is already determined, we could compute F . Therefore we have the following proposition. Corollary 2.4. If W is a finite set andH is a finite group then Aut(V (0)) is a finite group.
Remark 2.5. In general, W is not the orbit of V under Aut(V (0)). In order to determine Aut(V (0)) more preciously, we have to study the possibility of the orbit by using other properties.
Automorphism group of V + L
In this subsection, we apply results of the previous section to a simple 
, the automorphismg is uniquely determined up to multiplication θ . By Proposition 2.3, we have the following corollary.
Corollary 2.8. Let F be the kernel of the action ofH on P . Then we have Aut(V + L ) ⊆ F.S(P ), where S(P ) is the permutation group on P .
Remark 2.9. In the definition of P , we use Aut(V + L ). However, we can determine P without using the shape of Aut(V + L ) for some lattices.
where N is the normal subgroup of Aut(V L ) generated by exponentials of (V L ) 1 . Since By Corollary 2.8, Corollary 2.4 and Proposition 2.10, we have the following corollaries. 
• /2L}/ θ .
Next we consider P . Since the all irreducible modules and the fusion rules of V + L are determined, we have the following proposition.
Proposition 2.14. Let n be the rank of L. Then 
where Φ L (λ) = min{ v, v | v ∈ λ + L}. Therefore we have the results.
Corollary 2.15. Let L be a lattice of rank n without roots. Then
Proof. Since L has no roots, we have ch 
Proof. Proof. Set ε = + if n = 16 and ε = − if n = 8. By Proposition 2.16, we have 2L
• ⊂ L. Set a vector space U = L/2L
• over F 2 and k = dim U. Then U has the canonical symplectic bilinear form v + 2L
• , w + 2L
where η(τ ) is the Dedekind η-function.
The following formulas for the theta function of a lattice N and the Dedekind η-function are well known:
Thus, we get the theta function for L • : We determine the P when L has no roots and is generated by L 4 as a lattice except for √ 2E 8 , Λ 16 , and show the inclusions in Corollary 2.15 become equality for such a lattice.
Lemma 2.20. Let L be an even lattice of rank n without roots. Let λ be an element of
forms the root system of type A n 1 .
Proof. Since λ, λ ∈ 2Z and λ ∈ L • , it is easy to see that L, λ = L∪(λ+L) is an even lattice. Thus (λ + L) 2 forms a root system. Assume it is not of type A n 1 . Then there exist x, y ∈ L such that λ + x, λ + y ∈ (λ + L) 2 and λ + x, λ + y = 1 or −1. If λ + x, λ + y = 1 then the norm of λ + x − (λ + y) = x − y ∈ L is 2. However, L has no roots, hence it is contradiction. If λ + x, λ + y = −1 then the norm of λ + x + λ + y = 2λ + x + y is 2. Since λ ∈ L/2, the vector is an element of L. Similarly, it is contradiction. Lemma 2.21. Let L be an even lattice of rank n without roots. If there exists an element λ ∈ L
• ∩ L/2 such that (λ + L) 2 = 2n then L is realized by the Construction B with respect to a doubly even code C. More preciously, L = c∈C Zα c /2 + i,j Z(α i + α j ), where {α i | i = 1, 2, . . . , n} is an orthogonal basis of R ⊗ Z L consisting of (λ + L) 2 .
Proof. By Lemma 2.20, we obtain an orthogonal basis
with respect to {α i }, and M is realized by the Construction A with respect to C. Namely M = i Zα i + c∈C Zα c /2. Since |M/L| = 2, the lattice L is realized by the Construction B with respect to C. Since M is even, C is a doubly even code. Moreover, M 2 = {±α i | i = 1, 2, . . . , n} implies that C dose not contains weight 4 elements.
Theorem 2.22. Let L be an even lattice of rank n without roots. Assume L is not isomorphic to + }. If L is not isomorphic to √ 2E 8 nor Λ 16 then Q forms a vector space over F 2 under the fusion rules. Let F be the kernel of the action of Aut(V
Hence Q forms an abelian group under the fusion rules. By [ADL], the order of any element of P is 2. Therefore we have the results.
Corollary 2.26. Let L be an even lattice of rank n without roots. Then |P | = 2 k − 1 for some k ∈ Z.
Automorphism group associated to an orthogonal group
In this subsection, we assume that L is a 2-elementary totally even lattice, and show a quotient of Aut(V + L ) is a subgroup of an orthogonal group of some kind.
We consider irreducible modules of twisted type for this case. The irreducible modules of twisted type are characterized by a central character ofL/K L . Since 2L
• , 2L
Since κK acts by the multiplication −1, a central character is determined by an irreducible character of 2L
• /2L. For any character χ ∈ Irr(2L
λ,· . We denote such a character by χ λ and we regard it as one of L/K L . Proposition 2.27. Let L be a 2-elementary totally even lattice of determinant 2 m . Then irreducible V + L -modules form a vector space of dimension m + 2 over F 2 under the fusion rules.
Proof. We give formulas of the fusion rules of V + L for a 2-elementary totally even lattice L. We define the map ν : L
• → {±}, ν(v) = + if v, v ∈ 2Z and ν(v) = − if v, v ∈ 1 + 2Z. We regard {±} as the group of order 2 generated by −. According to [ADL] , we obtain the following formulas:
where a, b ∈ {±}. This implies that the set of irreducible modules of V + L form an elementary abelian 2-group of order 2 m+2 under the fusion rules. Note that the unit element is
and the order of [λ]
± is 4.
Let S be the set of irreducible modules of V + L . By Proposition 2.27, S is a vector space over F 2 . By (2.1), Aut(V + L ) preserves a subset of S consisting of irreducible modules of untwisted type if n / ∈ 8Z. Thus we define S 0 = S if n ∈ 8Z and
∈ 8Z, and we obtain the canonical map Aut(V + L ) → GL l (2), where l = m + 2 if n ∈ 8Z and l = m + 1 if n / ∈ 8Z. First, we give a symplectic form on S preserved by the canonical action of Aut(V
• /L} as a group. First, we define a symplectic bilinear form (·, ·) : S × S → F 2 by setting
where we regard ·, · as modulo 2. Note that (M, M) = 0 for M ∈ S since (·, ·) is simplectic. Set the map π : {±} → F 2 by π(+) = 0 and
Lemma 2.29.
Proof. By direct calculation, we have the followings:
Remark 2.30. The vector space L • /L over F 2 has the canonical symplectic form 2 λ, µ mod 2 for λ, µ ∈ L
• /L and isomorphic to the subspace
± } is an orthogonal direct sum with respect to the form.
Next, We define a quadratic form q :
If n ∈ 8Z then we define the form q on irreducible modules of twisted type by setting We will check that q is a quadratic form associated to (·, ·). Set the map τ : {±} → F 2 by τ = π if n ∈ 8 + 16Z, and τ = π + 1 if n ∈ 16Z.
Lemma 2.32. The quadratic form q satisfies that
By Lemma 2.29, we have the results. 
Examples
In this section, we determine full automorphism groups of V + L for some lattices without roots.
Even unimodular lattice without roots
Let L be an even unimodular lattice of rank n without roots. Then V
Since L is unimodular, we have n ∈ 8Z. Note that if n ≤ 16 then L 2 = φ. Thus we have n ≥ 24. By (2.1), characters of its irreducible modules are distinct. By Corollary 2.11, we have the following corollary. 
Theorem 3.3. Let R be a simple root lattice except for E 8 and set
Proof. Let P be the orbit of V First, we consider the case when R = D n for n ≥ 5. Then we have F ∼ = 2 n−1 : 2 n−2 : S n : 2 and |H/F | = 2 by direct calculation (cf. Proposition 2.13). By Theorem 2.23 and Proposition 1.4, G has an extra automorphism σ. Thus we have G/F ∼ = S 3 as the permutation group on P . By Proposition 2.25 and Lemma 3.2, Q forms a 2-dimensional vector space over F 2 under the fusion rules. Thus G/F ∼ = GL 2 (2). Hence G ∼ = 2 n−1 : 2 n−2 : S n : 2.S 3 . It is easy to see that G ∼ = 2 2n−2 : S n .S 3 and we have (IV). We could apply the above calculation to the case of A 3 , and we have F ∼ = 2 2 : S 4 and H/F ∼ = Z 2 . Hence G ∼ = 2 2 : S 4 .S 3 if R = A 3 and we have (II). Next, we consider the case when R = D 4 . By similar calculation of the above case, F ∼ = 2 2 : 2 2 : S 4 and H/F ∼ = 2 2 : S 3 . On the other hand, Q ∼ = F 3 2 and G/F ⊂ GL 3 (2). Since 2 2 : S 3 is a maximal subgroup of GL 3 (2), we have H, σ /F ∼ = GL 3 (2) and G ∼ = 2 2 : 2 2 : S 4 .GL 3 (2). It is easy to see that G ∼ = 2 4 : S 4 .GL 3 (2) and we have (III). was already determined and explicit actions on the Griess algebra in [MM] . In particular, Aut(V 
The automorphism group of V
is determined in [Gr2] and other proof is given in [KM] . Note that the classification of 3-transposition groups is used in both papers to determine Aut(V
). We give other easy proof without using it.
Set U = √ 2E 8 and V = V + U . Let S 0 be the set of irreducible V -modules. Since E 8 is even unimodular, we have U • = U/2 and v, v ∈ Z for v ∈ U • . In particular, U is a 2-elementary totally even lattice. Since the rank of U is 8, we have U 
+ } and its number is 527. Thus the inclusion in Corollary 2.15 becomes equality for this case.
We collect the results of this subsection in Table 2 , where P is the orbit of V − √ 2R
.
Barnes-Wall lattice of rank 16
For details of the definition and properties of the Barnes-Wall lattice Λ 16 of rank 16, see [CS] . In particular, Λ 16 is a 2-elementary totally even lattice without roots satisfying Z (Λ 16 ) 4 = Λ 16 , Λ ) acts faithfully on B since B generates V as a VOA. We consider the eigenspace decomposition B = ⊕ χ∈Irr(F ) B χ with respect to F , where Irr(F ) is the set of irreducible characters of F and B χ is the eigenspace of B with a character χ. Since F is a normal subgroup, Aut(V Proof. We set G = O + 10 (2). Let G e be the stabilizer of a vertex e ∈ Γ in G. Since G acts transitively on Γ, the index between G and G e is 2295 and the structure of G e is uniquely determined (cf.
[ATLAS]). Thus there is a bijection between cosets G/G e and vertices of Γ: gG e → g(e). On the other hand, an orbit of the maximal isotropic subspace of F 10 2 under G has a graph structure called the half dual polar graph D 5,5 (2) (cf. [BCN] ). Since the number of vertices is 2295, we have a bijection between D 5,5 (2) and G/G e . Since G acts transitively on the set of edges of D 5,5 (2), the graph Γ is isomorphic to D 5,5 (2) or its complement graph. By [BCN] , the automorphism groups of both graphs are isomorphic to O + 10 (2). ) and F ∩Hom(Λ 16 , Z 2 ) ∼ = 2 8 , the extension F. 2 8 : O 8 (2), σ is non-split. Therefore we have the following theorem. + } and its number is 527. Thus the inclusion in Corollary 2.15 becomes equality for this case. 
